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Abstract 



t^^ . We show that a group with Kazhdan's property (T) has property (Te) 

for B the Haagerup non-commutative -Lp(A^)-space associated with a von 
P^ ■ Neumann algebra A4, 1 < p < oo. We deduce that higher rank groups 

O ■ have property F^^f^j^y 
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^ ' 1 Introduction 

^ ■ Kazhdan's property (T) of a topological group G is an important rigidity property, 

defined in terms of the unitary representations of G on Hilbert spaces. We recall 
[^ . the precise definition : 

O. 

Definition 1.1. A pair {G,H) of topological groups, where i7 is a closed sub- 
group of G, is said to have relative property (T) if there exist a compact subset 
Q of G and e > such that : whenever a unitary representation tt of G on a 

/\ • Hilbert space "H has a {Q, e)-invariant vector, that is a vector ^ G "H such that 



snp\\7c{g)^-^\\<em\ 
g&Q 

then TT has a non-zero 7r(if )-invariant vector. The pair (Q, e) is called a Kazhdan 

pair. 

A topological group G is said to have property (T) if the pair (G, G) has relative 

property (T). 

For more details on property (T), see the monography [2]. 
The following variant of this property for Banach spaces was recently introduced 
by Bader, Furman, Gelander and Monod in [IJ. Let 5 be a Banach space and 



0{B) the orthogonal group of B, that is, the group of hnear bijective isometries 
of B. Recall that an orthogonal representation of a topological group G on a 
Banach space S is a homomorphism p : G -^ 0{B) such that the map g i— )■ p{g)x 
is continuous for every x E B. If p : G — )■ 0{B) is an orthogonal representation 
of a group G, we denote the subspace of p(G)-invariant vectors by 

^P{G) ^ 1^ ^ ^ I p(^g^^ ^ ^ fQ^ all ^ G G }. 

Observe that i?^('^) is invariant under G. The representation p is said to almost 
have invariant vectors if it has {Q, e)-invariant vector for every compact subset 
Q of G and e > 0. 

Definition 1.2. Let G be a topological group and Hhea closed normal subgroup 

of G. The pair (G, H) has relative property (Tb) for a Banach space B if, for any 

orthogonal representation p : G ^ 0{B), the quotient representation p' : G ^ 

0{B/BP^^^) does not almost have p'(G)-invariant vectors. 

A topological group G has property (Tb) if the pair (G, G) has relative property 

(Tb). 

The authors of [T] studied the case where i? is a superreflexive Banach space, 
and among other things, they showed that a group which has property (T) has 
property (Tlp(^)) for p a a-finite measure on a standard Borel space {X,B) and 
1 < p < oo. We will extend this result to the non- commutative setting. 
Non-commutative Lp-spaces were introduced by Dixmier [3] and studied by var- 
ious authors, among them Yeadon |T3| and Haagerup [1] (for a survey on these 
spaces, see Pisier and Xu [6J). Apart from the standard L^(yu)-spaces, common 
examples are the p-Schatten ideals 

Sp = {xe Bin) I tr(|x|P) < cx) } 

where 7{ is a separable Hilbert space. 

We review below (in Section 2) Haagerup's definition of these non-commutative 

Lp-spaces. Here is our main result : 

Theorem 1.3. Let G be a topological group and H a closed normal subgroup ofG. 
Assume that the pair {G,H) has relative property (T). For every von Neumann 
algebra A^, the pair (G, H) has relative property (Tip(A^)) for 1 < p < oo. 

In particular, if G has property (T), then G has property (Tlp{m)) for 
1 < p < oo. Property (Te) has a stronger version which is a fixed point property 
for afiine actions. 

Definition 1.4. Let B a Banach space. A topological group G has property (Fb) 
if every continuous action of G by affine isometries on B has a G-fixed point. 

The authors of [1] showed that higher rank groups and their lattices have 
property (Flp^^,)). 



Definition 1.5. For 1 < i < m, let ki be local fields and Gi{ki) be the /cj-points 
of connected simple /i;j-algebraic groups Gj. Assume that each simple factor Gj 
has fcj-rank > 2. The group G = n^]^Gj(A;j) is called a higher rank group. 

Our next result shows that Theorem B in [T] remains true for non-commutative 

Lp-spaces. 

Theorem 1.6. Let G be a higher rank group and M. a von Neumann algebra. 
Then G, as well as every lattice in G, has property F^ (_a4) for 1 <p < oo. 

Theorem 1.6 was proved by Puschnigg in [7] in the case Lp{M.) = Sp. The 
strategy of the proof of Theorem II. 3 1 (as in [7]) follows the one from [T]. To achieve 
the result, we will need some results on the Mazur map and the description of 
the surjective isometrics of Lp{Ai) given by Sherman in [9]. 
The paper is organized as follows. In Section 2, useful properties of the Mazur 
map are established. Group representations on Lp{Ai) are studied in Section 
3. The proof of Theorem 11.31 is given in Section 4. In Section 5, we show how 
Theorem 11.61 can be obtained from a variant of Theorem 11.31 

2 Some properties of the Mazur map 

Let A^ be a von Neumann algebra, acting on a Hilbert space Ti, and equipped 
with a normal semi- finite weight ipQ. Let 1 1— )■ af° be the one-parameter group of 
modular automorphisms of A^ with respect to ipo. We denote by A/'^o = A^ x.^^ M 
the crossed product von Neumann algebra, which is a von Neumann algebra 
acting on L^(]R, "H), and generated by the operators 7i^g{x), x E Ai, and A^, 
s G M, defined by 

XsiOit) = ^{t - s) for any ^ G L'^{R,n) and t G M. 

There is a dual action s i— )■ 0^ of I^ on A/'^o . Then let t^q be the semi- finite normal 
trace on J\f^^ satisfying 

Tipo ° ^s = G^^'TipoioT all s G M. 

We denote by Lo(A/'^o, r<^o) the *-algebra of r<^o -measurable operators affiliated 
with Af^g. For 1 < p < oo, the Haagerup non- commutative Lp-space associated 
with Al is defined by 

Lp{M) = { X G Lo(A;o, r^o) I 0s{x) = e-'/Px for all s G R}. 

It is known that this space is independant of the weight ipo up to isomorphism. 
The space Li(Al) is isomorphic to Al*. The identification goes as follows : there 



exists a normal faithful semi-finite operator valued weight from A/'^y to Ai defined 
by 



"^■fioix) = 7r^o 



K / es{x)ds) , for a; E ^f^,. 



Now, ii (f G A^^, and denotes the extension of (^ to a a normal weight on 7W + , 
the extended positive part of A^, we then put 

We associate to u:> the Radon-Nikodym derivative -^-^ of (2>'^° with respect to the 

trace Ty,^y This isomorphism between A4^ and Li(A^)+ extends to the whole 
spaces by linearity. 

If a; G Li(A^), and ^px is the element of Ai^ associated to x, we define a linear 
functional Tr by 

Tr(a;) = (/^^^(l) 

and we have, p' being the conjugate exponent of p, 

TT{xy) = Tr{yx) ior x e Lp{M), ye Lp>{M) 
For 1 < p < oo, if X = u\x\ is the polar decomposition of a; G Lp(A^), we define 



x\\p = Tt{\x 



p\i/p 



Equipped with ||.||p, Lp{Ai) is a Banach space. For 1 < p < oo, the dual space 
of Lp{Jli) is Lpi{Ai) and Lp{Ai, r) is known to be superreflexive. 

We now introduce the Mazur map and establish some of its properties. 

Definition 2.1. Let 1 < p,q < oo. For an operator a, let a\a\ be its polar 
decomposition. The map 

Mp^g :Lo(A/'^o,r^o) -> Lq (A/'^o , r<^o ) 
X = a\a\ I—)- a\a\ i 

is called the Mazur map. 

We will need the following lemma. 

Lemma 2.2. Let 1 < p,q,r < oo. Then M^^q o Mp^j. = Mp^q. 

Proof. Let a\x\ be the polar decomposition of a; G Lq (A/'^q , r^„ ) . Let /3 > 0, and 
set y = alxl'^. We claim that the polar decomposition of y is given by a and Ixj'^. 
To show this, it suffices to prove that Im(|x|^) = Im(|x|). 



By taking orthogonals, we have to show that Ker(|a;|) = Ker(|x|^) for all /3 > 0. 
Recall that the domain D(|x|^) of \x\^ is 

D{\xf) = {i\ / A^'^rf/i^lA) < oo}. 

If ^ G Ker(|x|), we have for all r] G L'^{R,n) 

POD 

<\x\^,ri>= / A(i/i^,^(A) = 0. 
Jo 

In particular, //^(jO, oo[) = 0. So ,^ G i5(|a;p) and ^ G Ker(|xp) thanks to 

< 1x11^^,7] >= / \^dll^.ri{\) = 0. 



By exchanging the role of |x| and |a;|'', we get the equality. 

Let I < p,q,r < oo, and /3 = p/r; then Mp^r{x) = Q;|x|''. It follows from what we 

p 

have just seen that Mr,g(Mp,,(a;)) = a\x\i = Mp^q{x). D 

Proposition 2.3. Let I <p,q < oo, and a G Lp{M.). Then 

\\MpM\\l=M\l- 



Proof. We denote again by a\a\ the polar decomposition of a. We have already 

50 we have 

Tr(|M,»n = Tr(|an. 



seen that \Mp^q{a)\ = \a\i. So we have 



D 
Proposition 2.4. Let p,q g]1,oo[ be conjugate. The map 

Lp{M)^Lq{M) 

X H- Mp,g(x)* 

is the duality map from, Lp{M.) to Lq{M.). 

Proof. We first notice that Mp^q sends Lp{M.) into Lq{jv(). Let x = Q;|a;| G Lp{M.) 
and s G M. By uniqueness in the polar decomposition, we have 9s{a) = a and 
^s(l^l) — e^'^/^|a;|, and then 

es{Mp,q{x)) = es{a)es{\xfi) 

= a{es{\x\)^) 
= e-'lmp^q{x). 



Thanks to the uniqueness of the duahty map in superreflexive spaces, we just have 
to check that Tr(Mp^^(a)*a) = 1 for a in the unit sphere S{Lp{J^)) of Lp(A^). 

p 

Let a = a\a\ G S{Lp{A4)); then Mp^q{a) = a\a\i . Since a*a|a| = \a\, it follows 
that 

Tr(|a|^a*a|a|) = Tr(|a|9|a|) = Tr(|a|^) = 1. 

D 

Proposition 2.5. If a,b E L^^Af^g, t^^) and if e, f are two central projections in 
A/'tpo such that ef = 0, then Mp^q{ae + bf) = Mp^q{ae) + Mp^qipf). 

Proof. As is easily checked, we have 

\ae + hf\ = \a\e+ \b\f. 

Let 7 be the partial isonietry occuring in the polar decomposition of ae + bf, and 
let a = a\a\, b = /3\b\ be the polar decompositions of a and b. We claim that 
7 = ae + /3f. Indeed, we have 

ae + bf = ■y\ae + bf\ 

and ae + bf = (ae)(|a|e) + {/3f){\b\f) = {ae + /3f)\ae + bf\. 

Since ae is zero on Ker(|a|e) and (3f is zero on Ker(|6|/), ae + (3f is zero on 

Im(|ae + bf\)^ = Ker(|ae + by\) = Ker(|a|e) n Ker(|6|/) {ef = 0). 

Using again the fact that e/ = and that e, / are central elements, we deduce 

that 

Mp,q{ae + bf) = {ae + /3/)|ae + 6/|? 

= (ae + /3/)(e|a|? + /|6|f) 
= Mp,q(ae) + Mp,q(6/). 

n 

Proposition 2.6. Let J be a Jordan-isomorphism of f/^p^, and let 1 < p,q < oo. 
Then we have 

J{x) = Mp^g o J o Mg^p{x) for all x G A/'^q. 

Proof. By Lemma 3.2 in [TU], we have a decomposition J = Ji + J2 with the 
following properties : Ji is a *-homomorphism, J2 is a *-anti-homomorphism and 
Ji{x) = J{x)e, J2{x) = J{x)f for all x G M., with e, / two orthogonal and central 
projections such that e + f = I. 
Observe first that, for a G A/'^g with a > and a positive real number r, we have 

J^{a'') = J^{aY 

and the same is true for J2. 

If a is a partial isometry, then Ji{a) and J2(«) are partial isometrics with initial 

6 



supports Ji{a*a) and 72(00;*), and final supports Ji(aa*)) and J2(a*a)) respec- 
tively. 

Let X = a\x\ G A/'^q. Since the supports of Ji and J2 are orthogonal, it follows 
from Proposition 12.51 that 

Mp^g OjO Mg,p{x) = Mp,g(Jl(M,,p(x)) + Jg{Mg,p{x))) 

= Mp^g{j,{Mg^p{x))) + Mp^g{j2{Mg,p{x))). 



Moreover, we have 



and 



Mp^g{j^{Mg^p{x))) = MP,,(J1(«|X|P)) 

= Mp,,(ji(«)ji(|x|)i; 



Mp^g{J2{Mg^p{x))) = Mp^g{J2{a\x\pa*a)) 

2 
= Mp^g{J2{a)J2{a\x\pa*)) 

= Mp^g{J2{a)J2{{a\x\a*)l)) 

2 
= Mp^g{J2{a)J2{a\x\a*)p) 

= J2{X). 



n 



An essential tool for the proof of Theorem 11.31 is the following result about 
the local uniform continuity of Mp^q, which is proved in Lemma 3.2 of [8] (for an 
independant proof in the case Lp{Ai,T) = Sp, see [7|). 

Proposition 2.7. [8] For 1 < p,q < 00, the Mazur map Mp^g is uniformly 
continuous on the unit sphere S{Lp{M.)). 

3 Group representations on Lp{M) 

Sherman's description of the surjective isometrics of Lp{A4) in [9] is a crucial tool 
in the following result (non surjective isometrics in the semi-finite case, and 2- 
isometries in the general case are described in [13] and [S] respectively) . This will 
allow us to transfer a representation of a group G on Lp{Ai) to a representation 
oiG onL2iM). 

Proposition 3.1. For p > 2, and U E 0{Lp{M)), the map V = Mp^2 ° U o M2^p 
belongs to 0{L2{M)). 



Proof. The fact that ||V"(x)||2 = \\x\\2 for all x G L2{Ai) follows from Proposition 
12. 3[ and V is bijective by Lemma 1^^ We have to prove that V is linear on L2{Ai). 
By Theorem 1.2 in [9], there exist a Jordan- isomorphism J of A^ and a unitary 
w E J^ such that 

f/(^i/P) = ^(^ o J-^y/P for all ^ G A1+. 

It was shown in ^12j that J extends to a Jordan-*-isomorphism J between Lo{M^g, r^^) 
and -^o(A/'^(,oj-i,t"(/5ooJ-Oj moreover, J is an extension of an isomorphism be- 
tween A/'^o and A/'^ooj-i as well as a homeomorphism for the measure topology on 
Lo(A/'^o, r^o) and -^o(A/'^(,oj-i, T(^oo.^~0- The isomorphism J satisfies the relations 

Lemma 3.2. For ip G A^^, we have 

Proof. For all (/? G Al;^, we have 



ipo 






dr 



ipo J ^ O <l>^(,oJ-l O J 

^^ooJ-H -7- J{ ■ )) 

^vo ° -^ ( ^ J{ ■ )) 



dr, 



<fio°J' 



-1 



where in the last equality we used the fact that J is Jordan homomorphism. D 

In Lemma 2.1 in [11], it is shown that there exists a topological ^-isomorphism 
/C between Lo(A/'^o, t^q) and Lo{Af^f^oj-'^,T^ooj-'^) which satisfies the following 
relation on the Radon-Nikodym derivatives : 

JC{-j—) = -J- for all ^ G Mt- 



From Lemma [3 ■2[ we obtain 



'^-^^fl- = JC-^ o J(^) for all ^ e Mt. 

As a consequence, the linear and bijective isometry U of Lp{M.) is given by the 
following relation on positive elements : 

U{x) = w {JC~^ o J(x)) for all x G Lp(>l)+. 

This relation extends by linearity to the whole Lp[Ai). 

Now notice that /C~^ o J is a Jordan-isomorphism on J\f^g and a topological 
isomorphism (for the measure topology) on Lq^M^^, t^^)- By Proposition 12.61 for 
X G A/'^o , we have 

V{x) = Mp^2 o U o M2,p{x) 

= w{Mp^2 o K.'^ o Jo M2,p(x)) 
= w(jC-^oJ{x)). 

Recall from [S] that the Mazur map is continuous for the measure topology on 
-^o(A/'^o, r^o). So by density of A/'^q in Lo(A/'^(,, r^pg) for the measure topology, we 
have 

V{x) = w{IC~^ o J{x)) for all x G L2iM) 

which gives the linearity of V on L2{Ai). D 

Remark 3.3. The proof of the linearity of the map V in Proposition 13.11 is 
simpler in the case where A4 is a von Neumann algebra equipped with a faithful 
semi- finite normal trace r. Indeed, by Theorem 2 in [H], there exist a Jordan- 
isomorphism J, a positive operator B commuting with J{Ai), and a partial 
isometry W^ in A^ with the property that W*W is the support of B, such that 

U{x) = WBJ{x) for all a; G A^ n Lp{M, r). 

Using the fact that B commutes with J{Ai), and as in the proof of Proposition 

12. 6[ for all X = a|x| G A4 fl Lp{Ai, r), we have 

V{x) = WMp^2{BJi{a\x\^) + BJ2{a\x\^)) 

= WMp^2{BJi{a\x\^)) + WMp^2{BJ2{a\x\2)) 
= WJi{a)B^Ji{\x\) + WJ2{a)B^J2{a\x\a*) 
= WB^J{x). 

The linearity on the whole Lp{Ai, r) follows from the density of A/1 fl Lp{M., r) 
in Lp{M,T). 



Corollary 3.4. Let G be a topological group, p > 2, and U : G ^ 0{Lp{Ai)) be 
a representation on Lp{M.). For g G G, define V{g) : L2{M.) — t- L2{M.) by 

V{g) = Mp,2 o U{g) o M^^p. 

Then V is a representation of G on L2{M.). 

Proof. By the previous proposition, V{g) G 0{L2{Ai)) for every g in G. More- 
over, the map g i— t- V{g)x is continuous, since g i— ;■ U{g)M2^p{x) is continuous 
and since Mp^2 '■ Lp{A4) — )■ L2{M) is continuous. 

It remains to check that V^ is a homomorphism. For this, let gi,g2 G G. Then, 
by Lemma 12.21 

V{gi)V{g2) = Mp,2 o U{gi) o M2,p o Mp,2 o U{g2) o Ms,^ 
= Mp,2 o U{gi) o U{g2) o Ms,^ 
= Mp,2 o U{gig2) o M2,p 
= ^"(^1^2)- 

D 

Let [/ be a representation of a topological group G on Lp(A^) and let 

Lp(A^)^(^) = {xe Lp{M) I t/(^)x = X for all ^ G G } 

be the space of [/(G)-invariant vectors in Lp{M.). Let p' be the conjugate oip and 
U* the contragredient representation of U on the dual space Lp/(A^) of Lp(A^). 
Since Lp(A^) is superrefiexive, there exists a complement Lp(Ai) for Lp(A^)^'^'^) 
(see Proposition 2.6 in [1]) and we have 

Lp{M)' = {ve Lp{M) I Tt{vc) = for all c G Lp,(A^)^*(^)}. 

Proposition 3.5. Let v G S'(Lp(A^) ), then 

div,Lp{Mr^^y)>^. 

Proof. Assume, by contradiction, that there exists b G Lp(Ai)'^^^^ such that 



\\v-b\\p< 2" 
Then | < ||&||p < |. Setting c = , we have ||6 — c||p < |. 



Since c G Lp(A^)^('^), it is easily checked that Mp^p:{c)* G Lp/(A^)^*('^); hence 
Tr((c-t;)Mpy(c)*) = Tr(cMpy(c)*) = ||c||p = L 

10 



On the other hand, using Holder's inequahty, we have 

l = Tr((c-t;)Mpy(c)*) 

<ll Illl71/r /N*!! 

_ \\c-v\\p\\Mp^p>{c) lip/ 

^ I |c ^1 Ipl I*--! |p 



\C-V\\p. 



This imphes that 

11^^ -^llp > \\v -c\\p- ||c-6||p 

1 
> - 

- 2 

and this is a contradiction. D 



4 Proof of Theorem 11.31 



We follow the strategy of the proof of Theorem A in pj. Let p g]1, oo[. and let 
L'^ be a representation on Lp(A^) of a group G. Let if be a closed subgroup of 
G such that the pair {G, H) has property (T). We claim that the representation 
U' of G on the complement Lp{Ai) of Lp(A^)'^^^^ has no almost f/'(G)-invariant 
vectors. This will prove Theorem 11.31 

Let Q be a compact subset in G, and take e > 0. Assume by contradiction that 
there exists almost t/(G)-invariant vectors in Lp{Ai) . Then, we can find, for 
every n, a unit vector Vn such that 

SUp\\U{g)Vn-Vn\\p < -- 

g&Q n 

By Corollary 13. 4[ V = Mp2 oJJ o M2^p defines a representation of G on L2{M.). 
Let Wn be the orthogonal projection of Mp2(f„) on the orthogonal complement 
L2{Ai) of L2{Ai)^^^\ We claim that Wn is ((5,e)-invariant for V for n suffi- 
ciently large. This will contradict property (T) for the pair {G,H). 

We first show that there exists 6 > such that 

d{Mp^2{vn),L2iMf^^^) > 5' for all n. 
Indeed, otherwise for some n, there exists a^ E L2{Ai)^^^^ such that 

||Mp,2(fn) -afc||2 > 0. 

A;— >oo 



By Proposition 12. 3[ we have 

p 

||Mp,2(^^n)||2 = \\Vn\\p = 1- 
11 



Since Hctfclb ^ ||^p,2('yn)||2 = 1, we can assume that ||aA;||2 = 1- Notice that 

fc— >oo 

Hence, M2^p{ak) belongs to Lp(Ai)^^^^ for every k. Moreover 

\\Vn - M2,p{ak)\\p > 

fc— >oo 

by the uniform continuity of M2^p on the unit sphere (see Proposition 12 ■4p . This 
is a contradiction to Proposition I3.5[ 
In particular, we have 

Iknib = rf(Mp,2K),L2(Al)^(^)) > 5'. 

For g E Q, we have 

\\Vig)Wn-Wn\\2 < 1 1 V'((7)Mp,2K) " Mp.sK) | b 
= \\Mp,2iUig)Vn) - Mp,2iVn)\\2- 
P 

Recall that ||wn||p =1 and that 

sup\\U{g)vn -v„Wp < -. 
geQ n 

Hence, by the uniform continuity of Mp2 on S{L2{M)), there exists an integer 
N (depending only on (Q,e)) such that 

sup ||K((7)w„ — Wn\\2 < e^ for n> N. 

Since ||wn||2 > ^ , it follows that 

sup \\V{g)wn - Wn\\2 < e||'W^n||2 for n> N. 
geQ 

This shows that w„, is {Q, e)-invariant for U when n > N. This finishes the proof 
of Theorem ll.3[ 

5 Property {Fi ^^)) for higher rank groups 

Let H he a. closed normal subgroup of G and let L be a closed group of G. Assume 
that G = L ^ H. The following strong relative property (Tb) was considered in 

m- 

Definition 5.1. A pair {L x H, H) has property {Tb) if, for any orthogonal rep- 
resentation p : L i< H —^ 0(3), the quotient representation p' : L —^ 0{B/B^^^^) 
does not almost have p'(L) -invariant vectors. 

12 



A straightforward modification of our proof of Theorem 11.31 shows that we 
also have the following result : 

Theorem 5.2. Let {L \k H, H) be a pair with strong relative property (T). Then 
{L X H, H) has strong relative property {Ti (_/k)) for 1 <p < oo. 

Let G be a higher rank group as defined in the introduction. Using an analogue 
of Howe-Moore's theorem on vanishing of matrix coefficients, the authors of [T] 
showed that G has property {Fb) whenever S is a superreflexive Banach space 
and a certain pair (L k H,H) of subgroups, which has property (T), has also 
(Tb). The property [F^ (;k)) for higher rank groups in Theorem 1.6 is then a 
consequence of Theorem 5.2. Moreover, the result for lattices in higher rank 
groups is obtained by an induction process exactly as in the Proposition 8.8 of 

DP- 

6 Acknowledgements 

We wish to thank Bachir Bekka for all his very useful advice and the IRMAR for 
the stimulating atmosphere and the quality of working conditions. We are also 
grateful to Masato Mimura for very useful discussions. 

References 

[1] U. Bader, A. Furman, T. Gelander, and N. Monod. Property (T) and rigidity 
for actions on Banach spaces. Acta Math., 198(1) :57-105, 2007. 

[2] B. Bekka, P. de la Harpe, and A. Valette. Kazhdan's property (T), volume 11 
of New Mathematical Monographs. Cambridge University Press, Cambridge, 
2008. 

[3] J. Dixmier. Formes lineaires sur un anneau d'operateurs. Bull. Soc. Math. 
France, 81:9-39, 1953. 

[4] U. Haagerup. L^-spaces associated with an arbitrary von Neumann alge- 
bra. In Algebres d'operateurs et leurs applications en physique mathematique 
(Proc. Colloq., Marseille, 1977), volume 274 of Colloq. Internat. CNRS, 
pages 175-184. CNRS, Paris, 1979. 

[5] Marius Junge, Zhong-Jin Ruan, and David Sherman. A classification for 
2-isometries of noncommutative Lp-spaces. Israel J. Math., 150:285-314, 
2005. 

[6] G. Pisier and Q. Xu. Non-commutative L^-spaces. In Handbook of the geom- 
etry of Banach spaces, Vol. 2, pages 1459-1517. North- Holland, Amsterdam, 
2003. 

13 



[7] M. Puschnigg. Finitely summable Fredholm modules over higher rank groups 
and lattices. Arxiv preprint arXiv:0806.2759, 2008. 

[8] Yves Raynaud. On ultrapowers of non commutative Lp spaces. J. Operator 
Theory, 48(l):41-68, 2002. 

[9] David Sherman. Noncommutative L^ structure encodes exactly Jordan 
structure. J. Funct. Anal, 221(1): 150-166, 2005. 

[10] E. St0rmer. On the Jordan structure of C*-algebras. Trans. Amer. Math. 
Soc, 120:438-447, 1965. 

[11] Keiichi Watanabe. On isometries between noncommutative L^-spaces asso- 
ciated with arbitrary von Neumann algebras. J. Operator Theory, 28(2):267- 
279, 1992. 

[12] Keiichi Watanabe. An application of orthoisomorphisms to non-commutative 
LP-isometries. Publ. Res. Inst. Math. Sci., 32(3):493-502, 1996. 

[13] F. J. Yeadon. Non- commutative L^-spaces. Math. Proa. Cambridge Philos. 
Soc., 77:91-102, 1975. 

[14] F. J. Yeadon. Isometries of noncommutative L^-spaces. Math. Proc. Cam- 
bridge Philos. Soc., 90(l):41-50, 1981. 



14 



